SQUARE INTEGRABLE HOLOMORPHIC FUNCTIONS ON 
INFINITE-DIMENSIONAL HEISENBERG TYPE GROUPS 



BRUCE K. DRIVERt AND MARIA GORDINA* 



Abstract. We introduce a class of non-commutative, complex, infinite- 
dimensional Heisenberg like Lie groups based on an abstract Wiener space. 
The liolomorphic functions which are also square integrable with respect to a 
heat kernel measure /i on these groups are studied. In particular, we establish 
a unitary equivalence between the square integrable holomorphic functions and 
a certain completion of the universal enveloping algebra of the "Lie algebra" 
of this class of groups. Using quasi-invariance of the heat kernel measure, 
we also construct a skeleton map which characterizes globally defined func- 
tions from the (f)-closure of holomorphic polynomials by their values on 
the Cameron-Martin subgroup. 
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1. Introduction 

The aim of this paper is to study spaces of holomorphic functions on an infinite- 
dimensional Heisenberg like group based on a complex abstract Wiener space. In 
particular, we prove Taylor, skeleton, and holomorphic chaos isomorphism theo- 
rems. The tools we use come from properties of heat kernel measures on such 
groups which have been constructed and studied in [3]. We will state the main 
results of our paper and then conclude this introduction with a brief discussion of 
how our results relate to the existing literature. 

1.1. Statements of the main results. 

1.1.1. The Heisenberg like groups and heat kernel measures. The basic input to our 
theory is a complex abstract Wiener space, /i), as in Notation 12.41 which is 

equipped with a continuous skew-symmetric bi-linear form lu : W x W —i- C as in 
Notation 13. II Here and throughout this paper, C is a finite dimensional complex 
inner product space. The space, G := x C, becomes an infinite-dimensional 
"Heisenberg like" group when equipped with the following multiplication rule 

(1.1) (wi,Ci) • {W2,C2) = (^Wi + W2,Ci +C2 + ^UJ (^1,^2)^ . 

A typical example of such a group is the Heisenberg group of a symplectic vector 
space, but in our setting we have an additional structure of an abstract Wiener 
space to carry out the heat kernel measure analysis. 

The group G contains the Cameron-Martin group, Gcm '■— H sub- 
group. The Lie algebras of G and Gcm will be denoted by g and qcm respectively 
which, as sets, may be identified with G and Gcm respectively — see Definition 
13. 2[ Notation 13. 3[ and Proposition 13.51 for more details. 

Let b (t) — {B (t) , Bq (t)) be a Brownian motion on g associated to the natural 
Hilbertian structure on qcm as described in Eq. (|4.ip . The Brownian motion 
{g (i)}f>o on G is then the solution to the stochastic differential equation, 

(1.2) dg (t) = g (t) o db (t) with g (0) = e = (0, 0) . 

The explicit solution to Eq. ()1.2|) may be found in Eq. (|4.2p . For each T > we 
let vt '■— Law {g (T)) be the heat kernel measure on G at time T as explained in 
Definitions 14. II and 14.21 Analogous to the abstract Wiener space setting, i^t is left 
(right) quasi-invariant by an element, h G G, iS h G Gcm, while (Gcm) = 0, 
see Theorem 14.51 Proposition 14.61 and [4, Proposition 6.3]. 

In addition to the above infinite-dimensional structures we will need correspond- 
ing finite dimensional approximations. These approximations will be indexed by 
Proj (W) which we now define. 
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Notation 1.1. Let Pro] (W) denote the collection of finite rank continuous linear 
maps, P : W H , such that P\h is an orthogonal projection. (Explicitly, P must 
be as in Eq. (j2.17p below.) Further, let Gp := PW x C (a subgroup of Gcm) cind 
TTp : G — !■ Gp be the projection map defined by irp {w, c) :— {Pw, c). 

To each P G Proj (W), Gp is a finite dimensional Lie group. The Brownian mo- 
tions and heat kernel measures, {^/'Ioqi on are constructed similarly to those 
on G-see Definition 14.101 We will use {{GptI't)} p^pro}{w) ^ finite dimensional 
approximations to (G, ^■t). 

1.1.2. The Taylor isomorphism theorem. The Taylor map, Tt, is a unitary map 
relating the "square integrable" holomorphic functions on Gcm with the collection 
of their derivatives at e GGcm- Before we can state this theorem we need to 
introduce the two Hilbert spaces involved. 

In what follows, H [Gcm] and H (G) will denote the space of holomorphic func- 
tions on Gcm and G respectively. (See Section[5]for the properties of these function 
spaces which are used throughout this paper.) We also let T := T {qcm) be the 
algebraic tensor algebra over gcM, T' be its algebraic dual, J be the two-sided 
ideal in T generated by 

(1.3) {h(g) k - k (g) h - [h,k] ■.h,ke Qcm}, 

and J'^ = {a G T : a (J) — 0} be the backwards annihilator of J-see Notation 16. II 
Given f G H (G) we let a :— Tf denote the element of J° defined by (a, 1) = / (e) 
and 

{a, hi (g> ■ ■ ■ (g) hn) := (fii . . . h,J^ (e) 

where hi S Qcm and hi is the left invariant vector field on Gcm agreeing with 
hi at e-see Proposition 13.51 and Definition 16.21 We call T the Taylor map since 
Tf e J'^ (flcA/) encodes all of the derivatives of / at e. 

Definition 1.2 (L^-holomorphic functions on Gcm)- For T > 0, let 

(1-4) WfllnUGcM)"^ ^'^P II/IgpIIl2(gp..^) fo'^ all/ eH(GcM), and 

(1.5) {Gcm) ■■={fen {Gcm) : WfWn^^GcM) < °°} • 

In Corollarv 16.61 below, we will see that (Gcm) is not empty and in fact 
contains the space of holomorphic cylinder polynomials (7^cj\/)on Gcm described 
in Eq. (II. 7|) below. Despite the fact that vt (Gcm) = 0, (Gcm) should roughly 
be thought of as the i/^-square integrable holomorphic functions on Gcm- 

Definition 1.3 (Non-commutative Fock space). Let T > and 

ll"lljJ(flcM) XI ^ \{a,hi(g---(ghn)f br all ae J° {qcm), 

n=0 ' hi,...,h„eS 

where S is any orthonormal basis for Qcm- The non-commutative Fock space is 
defined as 

Jt (Scm) := [a £ j" {qcm) ■ ll^ll jo (gc„) < 0°} • 

It is easy to see that ||-|| jo (g^^j^) is a Hilbertian norm on Jj. (0cM)-see Definition 
16.41 and Eq. (|6.8p . For a detailed introduction to such Fock spaces we refer to [IB] . 
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Remark 1.4. When uj = 0, G (uj) is commutative and the Fock space, Jj. (qcm), 
becomes the standard commutative bosonic Fock space of symmetric tensors over 

9cM- 

The following theorem is proved in Section [6]-see Theorem 16. 101 

Theorem 1.5 (The Taylor isomorphism). For all T > 0, T {'H'^ {Gcm)) C 
Jt (Scm) o.iT'd the linear map, 

(1-6) Tt := 'T\t^2^^Gcm) ■ {Gcm) Jt (Scm) , 

is unitary. 

Associated to this theorem is an analogue of Bargmann's pointwise bounds which 
appear in Theorem 16.111 below. 

1.1.3. The skeleton isomorphism theorem. Similarly to how it has been done on a 
complex abstract Wiener space by H. Sugita in [27l[26], the quasi-invariance of the 
heat kernel measure vt allows us to define the skeleton map from (G, vt) to a 
space of functions on the Cameron-Martin subgroup Gcm, a set of I'T-measure 0. 

Definition 1.6. A holomorphic cylinder polynomial on G is a holomorphic 
cylinder function (see Definition 14. 3p of the form, f ^ F o np : G C, where 
P € Proj (W) and F : PW x C is a holomorphic polynomial. The space of 
holomorphic cylinder polynomials will be denoted by V . 

The "Gaussian" heat kernel bounds in Theorem 14.111 easily imply that V C 
LP (vt) for all p < oo-see Corollarv lS.lOl 

Definition 1.7 (Holomorphic L^-functions). For T > and 1 ^ p < oo, let 

(G) denote the LP {vt) - closure of P C (j^t)- 

From Corollary gj] below, if T > 0, p G (1, oo], / e LP {G,vt), and h e Gcm, 
then JqIJ {h ■ g) \ dvT (g) < oo. Thus, if / € H.^ (G) we may define the skeleton 
map (see Definition 14. 7p by 

{STf){h) / f{h-g)d,.T{9). 

JG 

It is shown in Theorem [532] that St {W^t (G*)) ^ H| {Gcm) for all T > 0. 
Theorem 1.8 (The skeleton isomorphism). For each T > 0, the skeleton map, 
St ■ Ti-T (G) Ht {Gcm), is unitary. 

Following Sugita's results [27l [2^ in the case of an abstract Wiener space, we 
call St\h^ (g) the skeleton map since it characterizes / € (G) by its "values", 
StJ , on Gcm- Sugita would refer to Gcm as the skeleton of G {u)) owing to the 
fact that Vt {Gcm) = as we show in Proposition [121 

Theorem 11.81 is proved in Section [8| and relies on two key density results from 
Section [7| The first is Lemma 17.31 (an infinite-dimensional version of [71 Lemma 
3.5]) which states that the finite rank tensors (see Definition 17. 2p are dense inside 
of Jj. {qcm)- The second is Theorem 17.11 which states that 

(1.7) VcM ■■= {p\gcm -peV} 

is a dense subspace of {Gcm)- Matt Cecil 2] has modified the arguments 
presented in Section [71 to cover the situation of path groups over graded nilpotent 
Lie groups. Cecil's arguments are necessarily much more involved because his Lie 
groups have nilpotency of arbitrary step. 
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1.1.4. The holomorphic chaos expansion. So far we have produced (for each T > 0) 
two unitary isomorphisms, the skeleton map St and the Tayfor isomorphism Tt, 

(C) (Gcm) Jt {QCm) ■ 

The next theorem gives an exphcit formula for [Tt o St)~^ ■ Jt (Bcm) (^)- 

Theorem 1.9 (The holomorphic chaos expansion). If f E (G) and a/ :— 
TtStI , then 

(1.8) / [g (T)) = / (^i) ®---®db i^n)) 

,1=0 \ J0<si<S2<---<s„<T / 

where b (t) and g (t) are related as in Eq. Ill.2\) or equivalently as in Eq. |^.^[ ). 

This result is proved in Section [5] and in particular, see Theorem 19.101 The 
precise meaning of the right hand side of Eq. (|1.8p is also described there. 

1.2. Discussion. As we noticed in Remark 11.41 when the form u; = the Fock 
space [qcm) is the standard commutative bosonic Fock space [3]. In this case 
the Taylor map is one of three isomorphisms between different representations of 
a Fock space, one other being the Segal-Bargmann transform. The history of the 
latter is described in |13| beginning with works of V. Bargmann [T] and I. Segal in 
[24] . For other relevant results see [HI [8] . 

To put our results into perspective, recall that the classical Segal-Bargmann 
space is the Hilbert space of holomorphic functions on C" that are square- 
integrable with respect to the Gaussian measure d/i„(z) = 7r^"e~l^l dz, where 
dz is the 2n-dimensional Lebesgue measure. One of the features of functions 
in the Segal-Bargmann space is that they satisfy the pointwise bounds |/(z:)| ^ 
||/||i2(^^) exp(|zp/2) (compare with Theorem 16.111) . As it is described in [T3], if 
C" is replaced by an infinite-dimensional complex Hilbert space H, one of the first 
difficulties is to find a suitable version of the Gaussian measure. It can be achieved, 
but only on a certain extension W of H , which leads one to consider the complex 
abstract Wiener space setting. From H. Sugita's [571 [2S] work on holomorphic func- 
tions over a complex abstract Wiener space, it is known that the pointwise bounds 
control only the values of the holomorphic functions on H . This difficulty explains, 
in part, the need to consider two function spaces: one is of holomorphic functions 
on H (or Gcm in our case) versus the square-integrable (weakly) holomorphic 
functions on W (or G in our case). 

The Taylor map has also been studied in other non-commutative infinite- 
dimensional settings. M. Gordina [TTJ (TUl [H] considered the Taylor isomorphism 
in the context of Hilbert-Schmidt groups, while M. Cecil [2] considered the Taylor 
isomorphism for path groups over stratified Lie groups. The nilpotentcy of the 
Heisenberg like groups studied in this paper allow us to give a more complete de- 
scription of the square integrable holomorphic function spaces than was possible in 
[m Uni [12] for the Hilbert-Schmidt groups. 

Complex analysis in infinite dimensions in a somewhat different setting has been 
studied by L. Lempert (e.g. [20]), and for more results on Gaussian-like measures 
on infinite-dimensional curved spaces see papers by D. Pickrell (e.g.[22l [23]). For 
another view of different representations of Fock space, one can look at results 
in the field of white noise, as presented in the book by N. Obata [21]. The map 
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between an L^-space and a space of symmetric tensors sometimes is called the Segal 
isomorphism as in [18l [19] . For more background on this and related topics see [16] . 



2. Complex abstract Wiener spaces 

Suppose that is a complex separable Banach space and Bw is the Borel a— 
algebra on W. Let VFro denote W thought of as a real Banach space. For A G C, 
let Mx : W ^ W he the operation of multiplication by A. 

Definition 2.1. A measure /x on {W,Bw) is called a (mean zero, non-degenerate) 
Gaussian measure provided that its characteristic functional is given by 



(2.1) 



fi{u) 



w 



s'"("')d^ (w) = e-^'C".") for all u e W^^, 



where q = : W^^ x W^^ 



is an inner product on W^^. If in addition, fi 



is invariant under multiplication by i, that is, /i o 
complex Gaussian measure on W. 



/i, we say that is a 



Remark 2.2. Suppose W = and let us write wGWa.sw = x-\ 
x,y eW^. Then the most general Gaussian measure on W is of the form 



iy with 



c^A* (w) = ^ cxp 



--Q 

2^ 



X 

y 



dx dy 



where Q is a real positive definite 2d x 2d matrix and Z is a normalization constant. 
The matrix Q may be written in 2 x 2 block form as 

A B 
B*'' C 



Q 



A simple exercise shows ^ — fi o M. ^ iS B = and A = C. Thus the general 
complex Gaussian measure on is of the form 



(w) 



exp 



{Ax ■ X + Ay ■ y) \ dx dy 



1 



— exp ( — -^Aw ■ w] dx dy, 



where A is a real positive definite matrix. 

Given a complex Gaussian measure as in Definition 12.11 let 

\u{w)\ 



(2.2) 



H 



sup 



for all w €W, 



and define the Cameron-Martin subspace, H C W, by 

(2.3) H = {heW -.WhW^ <oo}. 

The following theorem summarizes some of the standard properties of the triple 

Theorem 2.3. Let {W, H, fi) be as above, where ^ is a complex Gaussian measure 
on (VF, Bw)- Then 

(1) H is a dense complex subspace ofW. 

(2) There exists a unique inner product, on H such that = {h,h) 
for all h G H . Moreover, with this inner product H is a complete separable 
complex Hubert space. 
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(3) There exists C < oo such that 

(2.4) \\h\\^,^C\\h\\j,foranyheH. 

(4) If {cj}^^ is an orthonormal basis for H and u^v £ W^^, then 

OQ 

(2.5) qiu,v) = {u,v)h^^ = XI (^j) ^ fe) + " (^^j) " ■ 

(5) o = ^ /or all XeC with |A| = 1. 

Proof. We will begin with the proof of item 5. From Eq. (|2.ip . the invariance 
of fi under multiplication by i { ij, o Mf^ = /i ) is equivalent to assuming that 
q{uoMi,uoMi) ~ q{u,u) for all u £ M/rc- polarization, we may further 
conclude that 

(2.6) q{uo Mi,v o M,) ^ q (u, v) for all u,v e W^^. 

Taking v = u o Mi in this identity then shows that q{uo Mi, —u) = q{u,uo Mi) 
and hence that 

(2.7) g(u,uo Mi) = for any u G Wr^. 
Therefore if \ = a + ib with a, 6 G M, we see that 

q{uo Mx, u o Mx) — q {au + bu o Mi, au + buo Mi) 

(2.8) = {a^ + b^)q{u,u)^\Xfq{u,u), 

from which it follows that q{uo Mx, u o Mx) — q {u, u) for all u G W^^ and |A| = 1. 
Coupling this observation with Eq. (|2.ip implies /i o M^^ = ^ for all |A| = 1. If 
|A| = 1, from Eqs. ([^ and ([^ . it follows that 

||Aw;||^ = sup —j^=^= — sup = 

uew*^\{0} y/q{u,u) «eW'„\{0} y/q{uo Mx,uo Mx) 

= sup ^ML = ||w||^ foraUwGiy. 

In particular, if < oo and |A| = 1, then ||A/i||^ = ll^ll/f < and hence 

Ai/ C H which shows that is a complex subspace of W . From 4, Theorem 2.3] 
summarizing some well-known properties of Gaussian measures, we know that item 
3. holds, is a dense subspace of M^rc, and there exists a unique real Hilbertian 
inner product, (•, •)^^ , on H such that ||/i||^ = {h, h) for all h £ H . Polarizing 
the identity || A/i||^ = \\h\\^ implies {\h, Afc)^^ — {h, k) for all h,k £ H. Taking 
X = i and k = —ih then shows {ih, h)^^ = {h, —ih)^^, and hence that {ih, h)j^^ = 
for all h E H. Using this information it is a simple matter to check that 

(2.9) {h, k)^ -.^ {h, k)^^^ + i {h, ik)^^^^ for all h,ke H, 

is the unique complex inner product on H such that Re (•, ■) ^ = (•, •)^ . 

So it only remains to prove Eq. (|2.5p . For a proof of the first equality in Eq. (12. 5|) . 
see [H Theorem 2.3]. To prove the second equality in this equation, it suffices to 
observe that {cj, «ej}°^j^ is an orthonormal basis for (77ro, (■, ')hb.) therefore, 

C30 
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□ 

Notation 2.4. The triple, {W,H,fj,), appearing in Theorem \2.3\ will be called a 
complex abstract Wiener space. (Notice that there is redundancy in this nota- 
tion since fi is determined by H , and H is determined by fi.) 

Lemma 2.5. Suppose that u,v G W^^, and a, 6 £ C, then 

(2.10) J e''"+^^d/i = expQ(a2q(M,u) + 6^g(w,w) + 2a6g(u,w))^ . 

Proof. Equation (I2.10p is easily verified when both a and b are real. This sufhces 
to complete the proof, since both sides of Eq. (|2.10p are analytic functions of 

a,beC. □ 

Lemma 2.6. Let {W,H,ii) be a complex abstract Wiener space, then for any (p G 
W* , we have 



(2.11) / e^('")rf/i(w) = 1 = / e'^("')(i/Lt (w) , 

Jw Jw 



(2.12) / \Reipiw)\Ut,iw)^ |Im(p(z«)rd/x(w;) = 11^11^,, 
Jw Jw 

and 

(2.13) / \^{w)\'dpi{w)^2M\l,. 

Jw 

More generally, if C is another complex Hilbert space and ip € L (W, C), then 



(2.14) / yiw)rcd^i{w)^2\\iprH, 



w 



Proof. If u = Ke(p, then (p{w) = u{w) — iu{iw). Therefore by Eqs. (|2.6p . (|2.7p . 
and (j^TU)) . 

efd^JL= [ e"-™°*^-dAi 
w Jw 

= exp (— {q (u, u) — q{uo Mi, u o Mi) — 2iq {u, u o M^)) j = 1. 



Taking the complex conjugation of this identity shows e'^^'^''^ dfi (w) — 1. Also 
using Lemma |2.5[ we have 



\Re (fi {w)\^ d^ (w) ~ q {u,u) and 



w 



\lmip{w)\ dii{w)= / |u(iw)| dij{w) ~ q{uo Mi,uo Ali) — q{u,u) . 
W Jw 

To evaluate q {u, u), let {cfc}^]^ be an orthonormal basis for H so that {e^, iek}'^^i 
is an orthonormal basis for (iJR,e,Re (•, •)^). Then by Eq. (|2.5p . 



oo oo 

qiu,u) = [\u{ek)f + |M(iefe)|^j = ^ |</'(efe)| 

k=l k=l 



2 II l|2 
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To prove Eq. (|2l4l) . apply [H Eq. (2.13)] to find 

OO 

\ip {w)\\l, (w) ^ [||(^(efc)||c + \\^{iek)\\l 

k=l 

OO 

= 2^||^(e.)||^ = 2||^||^ 



c ■ 

k=l 



□ 



Remark 2.7 (Heat kernel interpretation of Lemma [2?6|) ■ The measure fi formally 
satisfies 

/ /(«;)dMM = (e^^"-/)(0), 
Jw ^ ' 

where A/f^^ = ^^'^ {^jl^i orthonormal basis for -ffRc- If / is 

holomorphic or anti-holomorphic, then / is harmonic and therefore 

/ /(^)dM(«;)= (e^^-Ke/) (0)^/(0). 

Applying this identity to / (w) = e'^^"') or / (uj) = e'^('") with (/? e W* gives Eq. 
(pTTTjl . If u e Wrc, we have 

/ (w) (^) = (0) ^ ^ (A'A,^,^^) (0) 

= W^^EK"^) (0) 



2 



= EM(ej)^ = 
Eqs. (I2.12P and (|2.13p now follow easily from this identity. 

2.1. The structure of the projections. Let i : H ^ W he the inclusion map 
and i* : W* H* be its transpose, i.e. i*£ :— loi for aU i e W* . Also let 

(2.15) H^:={hGH : (•, /i)^ e Ran (i*) C H*} 

or in other words, /i G is in iJ, iff (•, ft,)^ G extends to a continuous linear 
functional on W. (We will continue to denote the continuous extension of (•, ft-)^ 
to W by (•, h)^ .) Because fl" is a dense subspace of W, i* is injective, and because 
i is injective, i* has a dense range. Since h £ H ^ ('j^)// S H* is a conjugate 
linear isometric isomorphism, it follows from the above comments that 3 h 
(•, h) G W* is a conjugate linear isomorphism too, and that is a dense subspace 
of H. 

Lemma 2.8. There is a one to one correspondence between Proj (14^) (see Notation 
and the collection of finite rank orthogonal projections, P , on H such that 
PH C H^. 

Proof. If P G Proj (14^) and u G PW C H, then, because P\h is an orthogonal 
projection, we have 

(2.16) {Ph, u)^ ^ {h, Pu)^ = {h, u)^ for aU h G H. 
Since P -.W H is continuous, it follows that u £ H^,, i.e. PW C i/*. 
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Conversely, suppose that P : H H is a finite rank orthogonal projection such 
that PH C H■^,. Let {ej}"^^ be an orthonormal basis for PH and £j £ W* such 
that £j\H = {■^^j)^- Then we may extend P uniquely to a continuous operator 
from W to H (still denoted by P) by letting 

n n 

(2.17) Pw := ^ Ij (w) Cj = ^ (w, ej)^ ej for all w e W. 

i=i i=i 
From 4, Eq. 3.43], there exists C C (P) < oo such that 

(2.18) \\Pw\\h < for all w e W. 



□ 



3. Complex Heisenberg like groups 



In this section we review the infinite-dimensional Heisenberg like groups and Lie 
algebras which were introduced in [4i Section 3]. 

Notation 3.1. Let (W^H^n) be a complex abstract Wiener space, C be a complex 
finite dimensional inner product space, and u : W x W C be a continuous skew 
symmetric bilinear quadratic form on W . Further, let 

(3.1) \\uj\\^ sup{||w (wi,W2)|lc ■ ""^1,^2 e W with \\wi\\yy = \\w2\\^r = 1} 
be the uniform norm on uj which is finite by the assumed continuity of uj. 

Definition 3.2. Let g denote x C when thought of as a Lie algebra with the 
Lie bracket operation given by 

(3.2) P,a),(B,6)] (0,^(A,i?)). 

Let G — G {uj) denote x C when thought of as a group with the multiplication 
law given by 

(3-3) 5iff2 = gi +92 + ^ [gi , 52] for any gi , 32 e G 

or equivalently by Eq. p.ip . 

It is easily verified that g is a Lie algebra and G is a group. The identity of G is 
the zero element, e : = (0, 0). 

Notation 3.3. Let qcm denote H x C when viewed as a Lie subalgebra of q and 
GcM denote H x C when viewed as a subgroup of G = G(w). We will refer to 
9CM (Gcm) as the Cameron Martin subalgebra (subgroup) of 9 (G). (For 
explicit examples of such {W,H,C,uj), see A.) 

We equip G = g = x C with the Banach space norm 

(3.4) \\{w,c)\\^:=\\wU + \\c\\^ 

and Gcm = Qcm = H x C with the Hilbert space inner product, 

(3.5) {{A, a) , {B, b))^^^^ {A, B) „ + {a, b)^ . 
The associate Hilbertian norm is given by 



(3.6) \\{A,5)\\^^^^^:^^\\A\\\ + \\5\\l. 

As was shown in [4j Lemma 3.3], these Banach space topologies on x C and 
H X C make G and Gcm into topological groups. 
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Notation 3.4 (Linear differentials). Suppose f : G C, is a Frechet smooth 
function. For g G G and h,k Cz Q let 

ng)h:^d^fig) = ^ fig + th) 
at 

and 

f" (g) ih®k) -.^dhdkfig). 

(Here and in the sequel a prime on a symbol will be used to denote its derivative or 
differential.) 

As G itself is a vector space, the tangent space, TgG, to G at 5 is naturally 
isomorphic to G. Indeed, if w, g € G, then we may define a tangent vector Vg S TgG 
by Vgf — f (g) V for all Frechet smooth functions / : G ^ C. We will identify g 
with TeG and qcm with TeGcM- Recall that as sets q — G and qcm — Gcm- For 
5 S G, let Ig : G ^ G he the left translation by g. For h G 2, let h be the left 
invariant vector field on G such that h{g) = h when g = e. More precisely, if 
a (t) G G is any smooth curve such that cr (0) = e and & (0) — h (e.g. a (t) — th), 
then 

d 
dt 



(3.7) h{g) ^,lg^h -.^^ — \o g ■ a{t) . 



As usual, we view ft, as a first order differential operator acting on smooth functions, 
/ : G ^ C, by 

(3.8) (ft/)(5) = |[/(5-a(t)). 

The proof of the following easy proposition may be found in '4', Proposition 3.7]. 

Proposition 3.5. Let f : G ^ C be a smooth function, h = {A, a) E g and 

g — {w, c) e G. Then 

(3.9) h (g) :=, Ig^^h — ^A, a + —lu {w, A)J for any g = {w, c) £ G 
and, in particular, 

(3.10) {A7)f{g) = f'ig)(^A,a+^uiw,A)y 
If h,k £ g, then 

(3.11) {hkf - M/) = [M]/. 

The one parameter group in G, e^^ , determined by h = {A, a) S g, is given by 
e'^ ^th = t{A,5). 

4. Brownian motion and heat kernel measures 

This section will closely follow [4» Section 4] except for the introduction of a 
certain factor of 1/2 into the formalism which will simplify later formulas. Let 
{h (t) = {B it) , Bq (i))}t>o be a Brownian motion on g = x C with the variance 
determined by 

(4.1) E [Re {b (s) , h)^^.^^ ■ Re (6 (t) , k)^^.] = i Re {h, k)^^^^ s A t 
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for all s,t e [0,00), h ~ {A, a), and k:~{C,c), where A,C £ H^. and a, c G C. 
(Recall the definition of iJ* from Eq. ([21^ .) 

Definition 4.1. The associated Brownian motion on G starting at e = (0, 0) E G 

is defined to be the process 



(4.2) 



g (t) = (^B (t) , Bo (t) + \f^^{B (r) , dB (r)) 



More generally, if ft, G G, we let gh (t) := h-g (t), the Brownian motion on G starting 
at h. 

Definition 4.2. Let Bg be the Borel cr-algebra on G and for any T > 0, let 
fx ■ Bg [0,1] be the distribution of g{T). We will call vt the heat kernel 
measure on G. 

To be more explicit, the measure vt is the unique measure on {G,Bg) such that 
(4.3) i^rif ) := / /dt^T = E [./ (.9 (r))] 



for all bounded measurable functions / : G ^ C. Our next goal is to describe the 
generator of the process {gh (0}t>o- 

Definition 4.3. A function / : G ^ C is said to be a cylinder function if it may 

be written as f — F o up for some P G Proj {W) and some function F : Gp ^ C, 
where Gp is defined as in Notation ll.il We say that / is a holomorphic (smooth) 
cylinder function if F : Gp C is holomorphic (smooth) . We will denote the space 
of holomorphic (analytic) cylinder functions by A. 

Proposition 4.4 (Generator of gh). If f : G ^ C is a smooth cylinder function, 
let 



-2 2 



(4.4) i/:=E fe'O) +(*e,'0) f + Y, 



d 



-2 --^ 2 



(0,/,) +(0,^/,) 



where {ej}^^ and {fj}'^^i are complex orthonormal bases for {H, (•, •)^) and 
(C,(-,-)^) respectively. Then Lf is well defined, i.e. the sums in Eq. \4-.4-^ are 
convergent and independent of the choice of bases. Moreover, for all h £ G, jL is 
the generator for {g^ (t)}t>o- More precisely. 



(4.5) Mi := / {gh (t)) " ^ ^ ^/ idh {r)) dr 

is a local martingale for any smooth cylinder function, / : G — > C. 

Proof. After bearing in mind the factor of 1/2 used in defining the Brownian motion 
b (t) in Eq. (|4.ip . this proposition becomes a direct consequence of Proposition 3.29 
and Theorem 4.4 of 4 . Indeed, the Brownian motions in this paper are equal in 
distribution to the Brownian motions used in 4^ after making the time change, 
t ^ t/2. It is this time change that is responsible for the 1/4 factor (rather than 
1/2) in Eq. §3]). □ 
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4.1. Heat kernel quasi- invar iance properties. In this subsection we are going 
to recall one of the key theorems from [4]. We first need a little more notation. 

Let Cqj^j denote the collection of C^-paths, g : [0, 1] — > Gcm- The length of g 
is defined as 



(4-6) iccM (g) ^ II lg-Hs)*9' (s)||j,c„ 

As usual, the Riemannian distance between x,y £ Gcm is defined as 

(4.7) dccM (x, y) ^ inf {^Gcm (.9) : .9 e C'cAf 3 5 (0) = x and .g (1) = y } . 

Let us also recall the definition of k [oj) from 4, Eq. 7.6]; 

1 2 
fc(^) = -9 sup \\uj{-,A)\\^ c 

(4-8) =- sup ||w(-, A)||^.^c ^ - ll^llff*8)ff*»c > -OO' 

11^11^^=1 

wherein we have used [H Lemma 3.17] in the second equality. It is known by Fer- 
nique's or Skhorohod's theorem that \\lo\\2 = W^W h* ^h- ®c ^ B Proposition 

3.14] for details. 

Theorem 4.5. For all h G Gcj\/ and T > 0, the measures, vt° o,nd vt o ^' 

are absolutely continuous relative to vt- ^st -^^ '■— ^i^t — ^ ■~ dvr — 

he the respective Randon-Nikodym derivatives, k (w) is given in Eq. ^.8\ l, and 

c (t) := — for any i G M 

eJ — 1 

with the convention that c (0) — 1. Then for all 1 ^ p < 00, and Z"^ are both 
in LP (vt) and satisfy the estimate 

(4.9) \\Zl\\,^,.^, < exp ie,h) 

where = I or * = r. 

Proof. This is [U Theorem 8.1] (also see [H Corollary 7.3]) with the modification 
that T should be replaced by T/2. This is again due to the fact that the Brownian 
motions in this paper are equal in distribution to those in [3] after making the time 
change, t —> t/2. □ 

It might be enlightening to note here that we call Gcm the Cameron-Martin 
subgroup not only because it is constructed from the Cameron-Martin subspace, 
H, but also because it has properties similar to H . In particular, the following 
statement holds. 

Proposition 4.6. The heat kernel measure does not charge Gcm , i-e- i^T {Gcm) — 
0. 

Proof. Note that for a bounded measurable function f : W x G C that depends 
only on the the first component in IV x C, that is, / {w, c) = f (w) we have 

/ {w) dvT [w, c) - E [/ {B (T))] = / f{w) d^iT {w) . 

G Jw 
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Note that for the projection tt :W x C ^ W , tt {w, c) = w we have 7r*i^T = /iT and 
therefore 

i^T [Gcm] = VT {tt-^ (H)) = 7r,j/T (H) = fir (H) = 0. 

□ 

For later purposes, we would like to introduce the heat operator, St '■= e^^^^, 
acting on {G,vt)- To motivate our definition, suppose / : G ^ C is a smooth 
cylinder function and suppose we can make sense of u{t,y) — (e*^"^"*^^/"*/) (y). 
Then working formally, by Ito's formula, Eq. ()4.5p . and the left invariance of L, we 
expect u {t, hg {t)) to be a martingale for ^ t ^ T and in particular, 

(4.10) E [/ {hg (T))] =E[u (T, hg (T))] =E[u (0, hg (0))] = (e^^/*/) (h) ■ 

Definition 4.7. For T > 0, p G (1, oo], and f e LP (G, i^t), let Srf : Gcm ^ C 
be defined by 

(4.11) (STf) {h)= I f{h- g) dvT {g) = E [/ [hg (T))] . 



The following result is a simple corollary of Theorem [43] and Holder's inequality 
along with the observation that p' — 1 — (p — 1)^^, where p' is the conjugate 
exponent to p G (1, oo]. 

Corollary 4.8. Ifp>l,T>0,f£ LP (G, i^t), h £ Gcm, and 

(4.12) Zl e L°°- (i^t) := ni^,<ooi^ M 

is as in Theorem \4.5\ then Sxf is well defined and may be computed as 

(4.13) {STf){h)= f f{g)Z{{g)dvT{g). 



Moreover, we have the following pointwise "Gaussian" hounds 

(4.14) \{ST.f) {h)\ ^ ||/IL.(.,)exp ( 'r|^L^/)^^ 4cM i^^h) 

We will see later that when / is "holomorphic" and p ~ 2, the above estimate 
in Eq. (14.14^ may be improved to 

(4.15) |(5t/) {h)\ ^ ||/||i.(,,)cxp (^^4cM for any h e Gcm- 

This bound is a variant of Bargmann's pointwise bounds (see [TJ Eq. (1.7)] and [SJ 
Eq. (5.4)]). 

Lemma 4.9. Let T > and suppose that f : G C is a continuous and in LP (vt) 
for some p > 1. Then Sxf '■ Gcm —^Cis continuous. 

Proof. For q G (l,p) and h G Gcm we have by Holder's inequality and Theorem 
1131 that 

E\fihgiT))\^^VT{\f\'Zl) ^ ||/||^//(^^) . ||4J|^-,(,^) 
11 /p f c (fc (^) 7^/2) g ^2 

T{p-q) 



(4-16) ^ ll/Hr.W)exp \)''r d^GcM 
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Hence if {^n}J^i C Gcai is a sequence converging to h ^ Gcm, it follows that 
(4.17) 

supE|/(M(T))r < \\f\\%U)e^v ( "^^(p^^gf '' ^^gcM i^^h^)) < 

which implies that {/ (/i„.g (r))}^i is uniformly integrable. Since by continuity of 
/, lim„^oo / {hng (T)) = / (hg (T)), we may pass to the limit under the expectation 
to find 

lim Srf {K) - lim E/ {Kg (T)) = E [/ {hg (T))] = StJ {h) . 

□ 

4.2. Finite dimensional approximations. 

Notation 4.10. For each P G Proj {W), let gp {t) denote the G p -valued Brownian 
motion defined by 

(4.18) gp {t) = (^PB {t) ,Bo{t) + ^J^Lu {PB (r) , dPB (r))' 

Also, for any t > 0, let :— Law {gp {t)) be the corresponding heat kernel measure 
on Gp. 

The following Theorem is a restatement of [4j Theorem 4.16]. 

Theorem 4.11 (Integrated heat kernel bounds). Suppose that : G ^ [0, oo) be 

defined as 

(4.19) p'{w,c):=Ml + M^. 

Then there exists a S > .such that for all e G (0, 6) and T > 

(4.20) sup ] 

PGProj(W) 

Proposition 4.12. Let Pn G Proj {W) such that Pn\H ] Ih on H and let gn {T) :— 
9Pn {T)- Further suppose that 5 > is as in Theorem \4-ll\ P G [l,oo), and f : 
G C is a continuous function such that 

(4.21) 1/ {g)\ ^ Ce''p'^s)/{pT) all g e G 

for some £ G (0, 5). Then f Cz {vt) arid for all h G G we have 

(4.22) lim ¥.\f{hg (T)) - / {hg^, (r))^ = 0, 

n— >oo 

and 

(4.23) lim E 1/ {g (T) h) ~ f (5„ (T) h)\^ = 0. 

n— »oo 

Proof. If g G {p^oo) is sufficiently close to p so that qp^^e < J, then 
supE|/(.g„ (T))!" s;C«supI 





< oo and 1 




Jg 



which is finite by Theorem 14.111 This shows that {\f {gn{T))\^}'^^i is uniformly 
integrable. As a consequence of [T, Lemma 4.7] and the continuity of /, we also 
know that / {gn (T)) f {g (T)) in probability as n oo. Thus we have shown 



16 



DRIVER AND GORDINA 



Eqs. (|4:22l) and K23\i hold when h = e = 0. 
h — {A, a) are in G. Then for aU a > 0, 



Now suppose that g — (w, c) and 



(gh) 



1 



(4.24) 



(.9) - 



ll^ll 



w 



^p' {g)+p^ ih) + 



2 

C\\A\\^ 

c r _i , 



uj{w,A) 



w\ 



w 



2ll^K^)llc 



^ 1 



^ ) (9) 



WMw + c^Mw 



where C := (2 



||cij||g). As Eq. (|4.24p is invariant under interchanging g and h 
the same bound also hold for (hg). By choosing a > sufficiently small so that 
(l + ^) e < 5, we see that g ^ f {gh) and g ^ f {hg) satisfy the same type of 
bound as in Eq. (I4.21|) for g ^ f id)- Therefore, by the first paragraph, we have 
now verified Eqs. (|4?22l) and (|4?251) hold for any heG. □ 



5. HOLOMORPHIC FUNCTIONS ON G AND GcM 

We will begin with a short summary of the results about holomorphic functions 
on Banach spaces that will be needed in this paper. 

5.1. Holomorphic functions on Banach spaces. Let X and Y be two complex 
Banach space and for a G X and (5 > let 

Bx (a, S) := {x e X : \\x - a\\^ < S} 

be the open ball in X with center a and radius 5. 

Definition 5.1 (Hillc and Phillips [HI Definition 3.17.2, p. 112.]). Let V be an 
open subset of X. A function u : I? — > y is said to be holomorphic (or analytic) 

if the following two conditions hold. 

(1) u is locally bounded, namely for all a G I? there exists an > such that 

Ma := sup{||m ix)\\y : X £ Bx (a^ra)} < oo. 

(2) The function u is complex Gateaux differentiable on T), i.e. for each a E V 
and h (z X , the function X —^ u{a + Xh) is complex differentiable at A = 
e C. 

(Holomorphic and analytic will be considered to be synonymous terms for the 
purposes of this paper.) 

The next theorem gathers together a number of basic properties of holomorphic 
functions which may be found in 17J. (Also see [E].) One of the key ingredients 
to all of these results is Hartog's theorem, see jTTl Theorem 3.15.1]. 

Theorem 5.2. If u : V Y is holomorphic, then there exists a function u' : 
V — > Hom(A", y), the space of bounded complex linear operators from X to Y, 
satisfying 
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(1) If a e V, X e Bx {a,ra/2), and h e Bx (0,ra/2), then 
(5.1) \\u {x + h)-u (x) - u (x) hWy ^ — , '^^i\u\\ \ ll^llx 



In particular, u is continuous and Frechet dijferentiable on T>. 
(2) The Junction u' :T> Horn {X, Y) is holomorphic. 



Remark 5.3. By applying Theorem l5.2l repeatedlv. it follows that any holomorphic 

function, u : T> ^ Y is Frechet differentiable to all orders and each of the Frechet 
differentials are again holomorphic functions on T>. 

Proof. By [17, Theorem 26.3.2 on p. 766.], for each a E V there is a linear operator, 
u' (a) : X ^ Y such that du (a + Aft,) /c?A|a=o — u' (a) h. The Cauchy estimate in 
Theorem 3.16.3 (with n = 1) of [TJ implies that if a G P, cc G Bx (a,rQ/2) and 
h e Bx (0,ra/2) (so that x + h £ Bx {a,ra)), then \\u' {x) hWy ^ M^. It follows 
from this estimate that 

(5.2) sup{||«'(a;)||Ho„,(x^y) : x e Bx (a,r„/2)} < 2A4/r,. 

and hence that u' : V ^ Horn {X, Y) is a locally bounded function. The estimate 
in Eq. (|5.ip appears in the proof of the Theorem 3.17.1 in [17] which completes the 
proof of item 1. 

To prove item 2. we must show u' is Gateaux differentiable on V. Wc will in 
fact show more, namely, that u' is Frechet differentiable on D. Given h E X, let 
Fh -.V ^Y he defined by F,, {x) := u' (x) h. According to [HI Theorem 26.3.6], 
Fh is holomorphic on T> as well. Moreover, ii a E T> and x E B{a,ra/2) we have 
by Eq. that 

\\Fh{x)\\Y 2Ma\\h\\^lra. 
So applying the estimate in Eq. (|5.ip to we learn that 

(5.3) [x + k)- F, (x) - Fl (x) k\\y < • ml 

— {— - ^ \\K\\x) 

for X E B{a,ra/4:) and \\k\\-^ < ra/4, where 

F;, (a;) fc = loF,, {x + Xk) = ^|ou' {x + Xk) h {6^u) (x; ft, k) . 

Again by [ITl Theorem 26.3.6], for each fixed x E T), (J^u) (x; ft, k) is a continuous 
symmetric bilinear form in (ft, k) E X x X. Taking the supremum of Eq. (j5.3[) over 
those h E X with \\h\\-^ = 1, we may conclude that 

(x + k)- v! {x) - J^w (x; •, k) ||Ho,„(x,y) 

= sup \\Fh{x + k)-Fn{x)-Fl{x)k\\y 



4 (2Af,/r,) 



2 



This estimate shows v! is Frechet differentiable with u" (x) G Hom (X, Hom (X, F)) 
being given by w" (x) fc = (<5^u) (x; •, A;) G Hom (X, Y) for all fc G X and x EV. □ 
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5.2. Holomorphic functions on G and Gcm- For the purposes of this section, 
let Go = G and go = g or Go = Gcm and go = Qcm- Also for g,h £ let (as 
usual) adgh :— [g,h]. 

Lemma 5.4. For each g € Gq, Ig : Gq ^ Gq is holomorphic in the \\-\\^^ -topology. 
Moreover, a function u : Go — » C defined in a neighborhood of g € Gq is Gateaux 
(Frechet) differentiable at g iff uolg is Gateaux (Frechet) differentiate at 0. In 
addition, if u is Frechet differentiable at g, then 

(5.4) (uo lg)'{0)h = u'{g) {h+]^[g,h]^ . 

(See |13[ Theorem 5.7] for an analogous result in the context of path groups.) 
Proof. Since 



Ig (h) =gh = g + h+^ [g, h] ^ g + Udgo + ^ad. 



it is easy to see that Ig is holomorphic and I'g is the constant function equal to 
Idgg + ^adg E End (go). Using ad^ = or the fact that Ig^ — Ig-i, we see that I'g 
is invertible and that 

I'g-^ = (^Wgo + ^ac?s^ = Idso - \(^dg. 

These observations along with the chain rule imply the Frechet differentiability 
statements of the lemma and the identity in Eq. (15. 4|) . 

If u is Gateaux differentiable a,t g, h £ go, and k := h + ^[g, h], then 

J^loMo Ig (Xh) = -j^\au{g ■ (Xh)) ^ -^\au{g + Xk) 

and the existence of ■j^\ou{g + Xk) implies the existence of -j^Iquo Ig [Xh). Con- 
versely, if uo Ig is Gateaux differentiable at 0, € go, and 



then 



Ig (Afc) = .g + A ( Idg„ + -adg ] k = g + Xh. 



So the existence of ^|o (w ° ^g) (Afc) implies the existence of -j^lou {g + ^h). □ 

Corollary 5.5. A function u : Go ^ C is holomorphic iff it is locally bounded 
and h ^ u {ge'^) = u{g ■ h) is Gateaux (Frechet) differentiable at for all g E Go- 
Moreover, if u is holomorphic and /i G go, then 

{hu) ig) = ^\ou {ge'^) = u' (g) (h + [<?, h]) 
is holomorphic as well. 

Notation 5.6. The space of globally defined holomorphic functions on G and Gcm 
will be denoted by Ti. (G) and Ti. (Gcm) respectively. 
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Notice that the space A of holomorphic cyhnder functions as described in Defini- 
tion l4.3l is contained in Ti. (G). Also observe that a simple induction argument using 
Corollary 15.51 allows us to conclude that hi . . . hnU e H (Go) for all it e (Go) and 
hi,.. .,hn e Qq. 

Proposition 5.7. If f E H (G) and h E g, then ihf = ihf, ihf = —ihf, 



(5.5) 
(5.6) 



{h'+ih)\ff 



f = 0, and 



hf 



Proof. The first assertions are directly related to the definition of / being holo- 
morphic. Using the identity ihf — ihf twice implies Eq. (j5.5p . Eq. (|5.6p is a 
consequence of summing the following two identities 

I/I' = h{f-f)= h\f -f + f- h^f + 2hf ■ hf 

and 

ih Iff = ih{f- f) - rhf -f+f- ihf+2thf ■ thf 



-h^f ■f-f-h'f + 2hf- hf. 



and using hf ^ hf. 



Corollary 5.8. Let L be as in Proposition \4-4\ Suppose that f : G 
holomorphic cylinder function (i.e. f E A), then Lf — and 

(5.7) i|/|^ = ^|/i/|', 

her 

where T is an orthonormal basis for Qcm of the form 



□ 

C is a 



(5.8) 



r = r, 



ur/ = {(e„o)};:,u{(o,/,)}J^, 



with {ej}J^^ and {fj}j^i being complex orthonormal bases for H and C respec- 
tively. 



Proof. These assertions follow directly form Eqs. (|4.4p . (|5.5p . and (|5.6p . 



□ 



Formally if / : G ^ C is a holomorphic function, then e^^^^f = / and therefore 
we should expect Sxf = /|gcm where St is defined in Definition 14. 71 Theorem l5.9l 
below is a precise version of this heuristic. 

Theorem 5.9. Suppose p E (l,oo) and f : G ^ C is a continuous function such 
that JIgcm ^ ^ (GcAi) aiT-d there exists Pn E Proj [W) such that Pn\H T Ih, then 

(5-9) ll/llLn^T) ^s^iP II /II Lp(G^„, .£:-)■ 

If we further assume that 

(5.10) ^W\\f\\Lp(Gp .v^^) < °°' 

then f £ {^t), StJ = JIgcm^ / satisfies the Gaussian bounds 



(5.11) |/(/i)K||/IL.(,,)exp(^ 



c{k{uj)T/2) 
T{P-1) 



{e,h) for any h E Gcm- 
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Proof. According to 4, Lemma 4.7], by passing to a subsequence if necessary, we 
may assume that gp^ (T) g (T) almost surely. Hence an application of Fatou's 
lemma implies Eq. (j5.9p . In particular, if we assume Eq. (|5.10p holds, then 
/ e L'P [vt) and so Srf is well defined. 

Now suppose that P £ Proj (W) and h E Gp. Working exactly as in the proof 
of Lemma [4.91 we find for any q E that 

lii/p f c(fcp {uj)T/2)q^2 



(5.12) E\fihgp{T))\'^ ^ \\f\\liap^.pf^^ [ Tiq_p) '^^^ 
where dop {■,■) is the Riemannian distance on Gp and (see [H Eq. (|5.13p ]). 

(5.13) kp{u:):^~^snp{\\uji;A)\\lpj,y^c-AePH, = l} . 

Observe that fcp (w) ^ k (w) and therefore, as c is a decreasing function, c (k (w)) ^ 
c (fcp (uj)). Let TO e N be given and h G Gp^ . Then for rt ^ m we have from Eq. 
(I02)) that 

|9/p f c (fc (cj) r/2) g ^2 



wherein in the last inequality we have used c (fc (w)) > c (fcp (w)) and the fact that 
Uq^ (e, ft.) is decreasing in n ^ m. Hence it follows that sup„^„ E \ f {hgp^ < 
00 and thus that {f {hgp^ ('^))}n^m uniformly integrable. Therefore, 

(5.14) Srf (h) = Ef {hg (T)) - lim Ef {hgp^ (T)) = lim / / (hx) du^- {x) . 



n — 'oc- n — >oo 



On the other hand by [4, Lemma 4.8] (with T replaced by T/2 because of our 
normalization in Eq. (|4.ip ). v:^" is the heat kernel measure on Gp^ based at 
e G Gp^ , i.e. v^" (dx) = Px)2 ^) '^here dx is the Riemannian volume measure 
(equal to a Haar measure) on Gp,^ and p!^" (x, y) is the heat kernel on Gp„. Since 
/|gp„ is holomorphic, the previous observations allow us to apply 5, Proposition 
1.8] to conclude that 

(5.15) / / {hx) di^y" (x) = / (e) for aU n ^ m. 

As TO g N was arbitrary, combining Eqs. (|5.14p and (|5.15p implies that Srf (h) — 
f {h) for all h E Go UmgnGp,^. Recall from Lemma HH] that StJ ■ Gcm C 
is continuous and from the proof of [H Theorem 8.1] that Go is a dense subgroup 
of Gcm- Therefore we may conclude that in fact StI (h) — / {h) for all h £ Gcm- 
The Gaussian bound now follows immediately from Corollarv l4.8l □ 

Corollary 5.10. Suppose that S > is as in Theorem \4-ll\ o.nd f : G ^ C is a 
continuous function such that flccM holomorphic and \ f\ ^ Ce^'' /(p^' for some 
e e [0,(5). Then f e L^^ut), Srf = f, and the Gaussian bounds in Eq. i5.11\) 
hold. 

Proof. By Theorem I4.11[ the given function / verifies Eq. (|5.10p for any choice 
of {Pn}^^i C Proj (W) with P„|h t P strongly as n t oo. Hence Theorem 15.91 is 
applicable. □ 



SQUARE INTEGRABLE HOLOMORPHIC FUNCTIONS 



21 



As a simple consequence of Corollary 15.101 we know that V C (vt) (see 
Definition 1 1.6|) and that [Stp] [h) — p (h) for all h E Gcm and p E V. 

Notation 5.11. For T > and 1 ^ p < oo, let and (G) denote the 
U' {vt) ^ closure of An (^t) o-nd V , where A and V denote the holomorphic 
cylinder functions (see Definition \4-3^ and holomorphic cylinder polynomials on G 
respectively. 

Theorem 5.12. For all T > and p e (l,oo), we have St (H^ (G)) cH{Gcm)- 

Proof Let / g (G) and Pn ^ V such that lim„_oo ||/ - Pn|liP(^^) = 0. If 
h e Gcm, then by Corollary Ol 

\STf{h)-pn{h)\^\ST{f~Pn){h)\ 

This shows that Srf is the limit oipnlccM ^ ^ {Gcm) with the limit being uniform 
over any bounded subset of h's contained in Gcm- This is sufficient to show that 
Sxf G "H (Gcm) via an application of 17, Theorem 3.18.1]. □ 

Remark 5.13. It seems reasonable to conjecture that A^ — (G), nevertheless 
we do not know if these two spaces are equal! We also do not know if StJ — f 
for every f E AD L'^ {'^t)- However, Theorem 15.91 does show that Sxf — f for all 
/ G AHp^Pi-ojf^w) (j^t) with LP (^'^)-norms of / being bounded. 

6. The Taylor isomorphism theorem 

The main purpose of this section is to prove the Taylor isomorphism Theorem ll.5l 
(or Theorem 16.1 op . We begin with the formal development of the algebraic setup. 
In what follows below for a vector space V we will denote the algebraic dual to V 
by V . If y happens to be a normed space, we will let V* denote the topological 
dual of V. 

6.1. A non-commutative Fock space. 

Notation 6.1. For n E N let denote the n-fold algebraic tensor product of 

BcM ^^ih itself, and by convention let fl^M 

T := T (scm) = C © SCM ®9cm®3cm®--- 

be the algebraic tensor algebra over QcMy T' be its algebraic dual, and J be the two- 
sided ideal in T generated by the elements in Eq. The backwards annihilator 
of J is 

(6.1) J° = {a G T' : a(J) = 0}. 

For any a G T' and n G NU {0}, we let an ■= Q;|^»,. G (q^m)' ■ 

After the next definition wc will be able to give numerous examples of elements 
in JO. 

Definition 6.2 (Left differentials). For / e H (Gcm), n E NU {0}, and g E Gcm, 
defined (5) Z?"/ (.9) G (flgX/)' by 

{Dy)ig) = f{g) and 
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(6.2) 



{D'\f (<?) , /ii • • • <^ K) ^{hi... Kf) {g) 



for all and hi, /i„ G flo, where hf is given as in Eq. (|3.8|) or Eq. (|3.10p . We will 
write £)/ for f and / (g) to be the element of T [qcm]' determined by 

(6.3) 



/ (5) , = \fn (5) , (i) for aU (3 e flg^, and n e Nq. 

Example 6.3. As a consequence of Eq. 113.11]) . f (g) G J° /or all f G H{Gcm) 
and g G Gcm- 

In order to put norms on J*^, let us equip Q%\,j with the usual inner product 
determined by 



(6.4) {hi 



' hn, ki 



For 71 = we let {z,w) m '.— zw for all z,w G g 



CAf 



The inner product 



induces a dual inner product on (fl®^/)* which we will denote by 



The associated norm on (qcm) ^'^^^ be denoted by We extend to all 

of (flgXf)' by setting ||/3|1„ = cx) if /3 G (flg^)' \ {qTmT ■ If T is any orthonormal 
basis for Qcm, then may be computed using 



(6.5) 



11/311 



'cm 



:= ^ |(/3,/ii 

hi,...,h„£r 



Definition 6.4 (Non-commutative Fock space). Given T > and a G J° {qcm) 
let 



(6.6) 

Further let 
(6.7) 



«=0 



T (flCAf) {a e J° (flCA/) : llajl < ooj 



The space, Jt{Qc'm), is then a Hilbert space when equipped with the inner 
product 



(6.8) 



n=0 



6.2. The Taylor isomorphism. 

Lemma 6.5. Let f E H {Gcm) and T > and suppose that {Pn}^=i C Proj {W) 
is a sequence such that Pn\gcM t ^bcm as n 00. Then 
(6.9) 

lim 

n — >cx 

where I 



/(e) 



/(e) 



.4(sc 



- I1/I1w^(gcm) - J™, I1/I1l^(gp„,.^-) 



•H|(GcA/) defined in Eq. (T^. 
Proof. By Theorem 5.1 of [6], for aU P G Proj (W), 



(6.10) 



1/11 



L2(Gp,i.f) 



/(e) 



SQUARE INTEGRABLE HOLOMORPHIC FUNCTIONS 



23 



where 

(6.11) /(e) y 

and Fp is an orthonormal basis for gp. In particular, it follows that 



/ (e) , ft-i (g) • • • (g) /i„ 



(6-12) WfWnUGc. 
and hence we must now show 



= sup 

PeProj(W) 



(6.13) 



sup 

PGProj(W) 



/(e) 



/(e) 



/(e) 



•4(8^-) 



./?.(bcm) 



If r is an orthonormal basis for qcm containing Fp, it follows that 



/(e) 



2 ^ rj-rn 



which shows that suppgp 



eProj(W) 



/(e) 



/(e) 



/(e) 

JriBCM) 

We may choose 



orthonormal bases, Fp^, for gp^ such that Fp^ t F as n t oo- Then it is easy to 
show that 



lim 11/11 



') 



lim /(e) 



hm — - 



E E 



/(e),/ii' 
/ (e) , ft-i (g) • • • (K) 



from which it follows that supp^pj-oj^^y-j / (e) 



/(e) 



/(e) 



□ 



For the next corollary, recall that V and Vcm denote the spaces of holomorphic 
cylinder polynomials on G and Gcm respectively, see Definition 11.61 and Eq. (|1.7p . 



Corollary 6.6. If f : G C is a continuous function satisfying the bounds in 
Proposition \4-lZ\ with p — 2, then /|gcm G {^cm) and f (e) e (qcm)- In- 
particular, for all T > 0, VcM C {Gcm) and for any p GV, p{e) £ {qcm)- 
This shows that Ti.^ (Gcm) and {qcm) are non-trivial spaces. 

Definition 6.7. For each T > 0, the Taylor map is the linear map, Tt : 
n^T (Gcm) 4 (qcm), defined by Tt/ := /(e). 

Corollary 6.8. The Taylor map, Tt '■ Tl^ (Gcm) Jt {&cm), is injective. More- 
over, the function II 'II-h^ (Gcm) ^ norm on Ti.^ (Gcm) which is induced by the 
inner product on Ti^ (Gcm) defined by 

(6.14) {u, v)^2^(^c!cm) ■= ' ^ J?(BCAf) f'^^ "-^y u,v£'Hl [Gcm) ■ 

Proof. If /(e) = 0, then WfWn'^ [Gcm) ~ ^ which then imphes that /|gp = for 
all P G Proj iW). As / : Gcm ^ C is continuous and UpgProj(H')Gp is dense in 
Gcm (see the end of the proof of Theorem 15. 9p . it follows that / = 0. Hence we 
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have shown Tt injective. Since ll'll jo (g^^M) ^ Hilbert norm and, by Lemma 16.91 

WfWnliGcM) = ll'^i^/llj°(BCA^)' it follows that WWuKGcm) is the norm on [Gcm) 
induced by the inner product defined in Eq. (|6.14p . □ 

Our next goal is to show that the Taylor map, ^T^ is surjective. The following 
lemma motivates the construction of the inverse of the Taylor map. 

Lemma 6.9. For every f E H (Gcm) ■, 

(6.15) f^9) = Y.-i (/" (e) ,5''") for any g e Gcm, 

ri=0 

where the above sum is absolutely convergent. By convention, g^'^ = 1 G C. (For a 
more general version of this Lemma, see Proposition 5.1 in [3].j 

Proof. The function u (z) :~ J [zg) is a holomorphic function of z G C. Therefore, 

00 

/(.g)=u(l) = ^-z.(") (0) 

n=0 

and the above sum is absolutely convergent. In fact, one easily sees that for all 

i? > there exists C(i?) < 00 such that ^ (0)| 5^ C(i?)i?-" for all n G N. 
The proof is now completed upon observing 

= [j^j f (e*^) l*=o = (.9"/) (e) = (/„ (e) , .9®") . 

□ 

The next theorem is a more precise version of Theorem 11.51 

Theorem 6.10 (Taylor isomorphism theorem). For all T > 0, the space (Gcm) 
equipped with the inner product (•, •).^2 (g^j^) "is a Hilbert space, T (Ti-x {Gcm)) C 
Jt (Qcm), and Tt := Tj^i^jg^^^) : (Gcm) Jt {Qcm) is a unitary transfor- 
mation. 

Proof. Given CoroUarv 16.81 it only remains to prove Tt is surjective. So let a G 
Jt {Qcm). By Lemma lOl if / = Trf^a exists it must be given by 

00 

(6.16) /(g) for any gG Gcm. 

We now have to check that the sum is convergent, the resulting function / is in 
TL {Gcm), and / (e) = a. Once this is done, we may apply Lemma 16.51 to conclude 
that Il/ll>i2 (Q^^^-j — jo (jcm) ^ °° ^^'^ hence we will have shown that / G 
T-L'^ {Gcm) and Tt/ = a. For each n G NU{0}, the function u„ (5) ^ (a„,5«'") 
is a continuous complex n-linear form in g G Gcm and therefore holomorphic. 
Since |(a„,5^")| ^ |1«„||„ |1.9|1^„,,, then for'i? > 

sup{|^.„(g)| : \\g\\,^,,^R} ^ lla„ll„i?". 
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Therefore it follows that 



OG 



n=0 n=0 



^sup{k (3)h II.9I1bcm < ^} < E 



"a 



\ n=0 \ n=0 ^ 



(6.17) =||a||,0(,_,e«V(-)<oo. 

This shows / {g) — limAr^oo X]!^=o (ff) ''^ith the limit being uniform over g in 
bounded subsets oIqcm- Hence, the sum in Eq. (j6.16|) is convergent and (see \n\ 
Theorem 3.18.1]) the resulting function, /, is in 1~L {G(jM^- Since 



/ {zh) = > — (a„, ft,®") for any z e<C and h e flcM, 

n=0 

it follows that 

(«n, hn = (^) " / i^h) U=o ={j)^ f (e*') k=o = (./„ (e) , ft«") . 

This is true for all n and h G 0C-Afj so we may use the argument following Eq. 
(6.13) in [3] (or see the proof of Theorem 2.5 in "?]) to show / (e) ~ a. □ 

As a consequence of Eq. (|6.17p we see that if / G Ti,^ {Gcai) then 

(6.18) 1/ (.g)| ^ e"^"«cM/(2^) ^ ^ ^^^^^ 

The next theorem, which is an analogue of Bargmann's pointwise bounds (see [TJ 
Eq. (1.7)] and [6, Eq. (5.4)]), improves upon the estimate in Eq. (|6.18p . 

Theorem 6.11 (Pointwise bounds). If f E [Gcm) and g G Gcm, then for all 
g G Gcm, 

(6.19) l/(5)KII/ll«|(GcM)e''"^^^''''^^^'''^ 

where d^j^j (•, •) is the distance function on Gcm defined in Eq. ?[ ). 

Proof. Let P„ G Proj (W) be chosen so that Pn\gcM T ^bcm as n ^ oo and recall 
that Go ■— Uj^jGp,, is a dense subgroup of Gcm as explained in the proof of 
Theorem [531 Let g E Gp^ for some m E N and let a : [0, 1] Gcm be a -curve 
such that cr (0) = e and a (1) = g. Then for n ^ m, an {t) := irp^ {a {t)) is a G^ 
curve in G„ such that o-„ (0) = e and (t„ (1) = Therefore by [SJ Eq. (5.4)], we 
have 
(6.20) 

\f(n\\<\\f\ II p4p (e,s)/(2T) ||,|, e („^)/(2T) 

where £gcai i'^n) is the length of cr„ as in Eq. (|4.6p . In the proof [H Theorem 8.1], 
it was shown that lim„^oo ^Gcm i'^n) = ^Gcm i'^)- Hence we may pass to the limit 
in Eq. to find, 1/(5)] WfWn-'iGcM) ' e'^^cM^'^^/^^^^. Optimizing this last 

inequality over all a joining e to g then shows that Eq. (j6.19p holds for all g E Gq. 
This suffices to prove Eq. (|6.19p as both sides of this inequality are continuous in 
g E Gcm and Gq is dense in Gcm- D 
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7. Density theorems 

The following density result is the main theorem of this section and is crucial to 
the next section. Techniques similar to those used in this section have appeared in 
Cecil [7 to prove an analogous result for path groups over stratified Lie groups. 

Theorem 7.1 (Density theorem). For all T > 0, Vcm defined by Eq. |_?. 7| j is a 

dense subspace ofTi.^ (Gcm)- 

Proof. This theorem is a consequence of Corollarv 17.41 and Proposition 17.121 below. 

□ 

The remainder of this section will be devoted to proving the results used in the 
proof of the theorem. We will start by constructing some auxiliary dense subspaces 
of 4 (0cm) and H^iGcAi). 

7.1. Finite rank subspaces. 

Definition 7.2. A tensor, a e J° (qcm), is said to have finite rank if a„ = for 

all but finitely many rt G N. 

The next lemma is essentially a special case of [TJ Lemma 3.5]. 

Lemma 7.3 (Finite Rank Density Lemma). The finite rank tensors in {qcm) 
are dense in (qcm)- 

Proof. For G M, let ipg : qcm 3cm be defined by 

ipg (A, a) = (e'^A, e'^^a) . 

Since 

l^e {A, a) , {B, b)] = [{e^'A, e^^'a) , {e^'B, e^^'b)] 

= (0, u; {e^'A, e^' B)) = (O, e'^'u (A, B)) = [{A, a) , (S, b)] 

we see that LpQ is a Lie algebra homomorphism. 

Now let $61 : T {qcm) T [qcm) be defined by $el = 1 and 

'^B {hi® ■ ■ ■ ® hn) = ifshi ® ■ ■ ■ ® (fehn for aU h^ £ gcM and n e N. 

If we write ^ A 77 for ^ (g) 77 — r/ (g) ^, then 

^e(C A ?7 - 77]) = (tp^.e^) A ife^oV) - fe^o V] 

From this it follows that $0 (J) C J and therefore if a G J'^ (bcm), then a o $0 g 
J° {%cm\ Letting F be an orthonormal basis as in Eq. (|5.8p . we have tfoh = e^^^h 
or (peh — e'^^h for all ft, G F. Therefore it follows that 

\{ao ^g,ki (g) k2 <E) ■ ■ ■ <E) A:„)|^ = |(a, (peh <E) (fieh ® ■ ■ ■ <E) fekn)\'^ 

= \{a, ki ®) k2 (E) ■ ■ ■ ®) fc„)|^ 

and hence that 

II" ° "^ell 4(gcM) = E \{ao^e,h(g>k2®---®kn)f 

00 rj-iji 

= 11^ I(a,fcl®fe® ■■•®fcn)l' = Il«llj0(gc,,). 

n=o ' fci,fc2,...,fe„er 
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So the map a ^ (qcm) a o ^9 ^ (qcm) is unitary. Moreover, since 

I (a, ipeki (g) ipek2 ® ■ ■ ■ ® ipgkn) - {a,ki ® k2 ® ■ ■ ■ ® kn)\^ ^ 2\{a,ki ® k2 ® ■ ■ ■ ® kn)Y 

we may apply the dominated convergence theorem to conclude 

lim \\a o $g — oi\\\) („ \ 

= ^ \m\\{a,ipeki(i) ip0k2® ■ ■ ■ ® ifgkn) - {a,ki® k2® ■ ■ ■ ®kn)\^ 

n=0 ' fei,fe2,...,fcreGr 

= 0, 



so that a 



— > a o $5/ is continuous. (Notice that $e ° ^"0 = so it suffices to 

check continuity at = 0.) 
Let 



^ 27rn ^ ^f-'^^ 27rn sin2(6'/2) 

denote Fejer's kernel [H P- 143]. Then J^^Fr,{e)de = 1 for aU n and 

lim / Fni0)u{e)de ^u{0) for al\ueC{[~Tr,TT],C). 



We now let 



a{n):^ I ao ^gF^ (9) d0. 

J —TT 



Then 

limsup||Q-a(n)||^o(g^^^) < limsup 



[a~ao $e] Fn (9) dO 



s; limsup / ||a-ao$e||jO(g^^^)F„(0)d6' = O. 



Moreover ii (3 :— ki^ . . . ,k„i G gcAf with m > n, then there exits /3; € such 
that 

2m 



. {9) de^o 



From this it follows that 

(a, $e/3) F„ {9) d9^Y. / e'"^' 

from which it follows that a (n)^^ = for all m > n. Thus a (n) is a finite rank 
tensor for all n S N and limsup„_oQ ||a — a (n)|| jo (g^M ) ~ ^- ^ 

Corollary 7.4. T/ie vector space, 

(7.1) ^T,yin {Gcm) := e Tif. (Gcm) : u{e) e (bcm) has a finite rank} 
is a dense subspace ofH^ (Gcm)- 

Proof. This follows directly from Lcmma l7.3l and the Taylor isomorphism Theorem 

MM □ 
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7.2. Polynomial approximations. To prove Theorem 17.11 it suffices to show 
that every element u G Ti.^ f^^{GcAi) may be well approxhiiated by an element 
from TC^ (G). In order to do this, let {ej : j = 1, 2, } C -ff* be an orthonormal basis 
for H and for N eN, define Pn G Proj (W) as in Eq. (|2T7ll . i.e. 

N 

(7.2) Pn (w) = (w, ej)^ for aU w &W. 

Let us further define ttn ■— 7rp„ and 

(7.3) Mat M o ttn for all N eN. 

We are going to prove Theorem 1 7. II by showing ujv G V and ujv u in (Gcj\/). 

Remark 7.5. A complicating factor in showing un\gcm ^ in {Gcm) is the 
fact that for general w and P G Proj (VF) , Tip : G Gp C Gc Af is not a group 
homomorphism. In fact we have, 

(7.4) TTp [{w, c) ■ {w' , c')] — TTp (w, c) • TTp (w', c') = Fp {w , w') 

where 

(7.5) Fp {w, w') = ^ (0, w (w, w') - oj (Pw, Pw')) 

So unless uj is "supported" on the range of P, ttp is not a group homomorphism. 
Since, {w, b) + (0, c) = (w, 6) • (0, c) for all w G and 6, c G C, we may also write 
equation 17.41 as 

(7.6) TTp [{w, c) • (Ul', c')] = TTp (w, c) • TTp (w', c') • Fp {w , w') . 

Lemma 7.6. To each k := (A, a) G 0cJ\/, 5 = (w, c) G G, and P G Proj (VF), let 

(7.7) /c^ (5) = [w, c) := TTpfc + Fp (w, A) G Qp 

where Vp is defined in Eq. |y.5p above. Ifu : Gcm —>■ C is a holomorphic function 
and g G G, then 

(7.8) (k {U O TTp)) (5) - (TTP (.g)) , fc^ (5)) 

or equivalently put, 

(7.9) (zl^ (5) ,k)^{D{uo TTp) {g) , k) = {Du {tip (<?)) , A:^ (5)) . 
Proof. By direct computation, 

(A: (u o TTp)) {g) ^j^u (ttp {g ■ e**^)) 

= llo ('^P (5)) , [^P (5)]"' • vrp (g • 6*'=)) 

where by Eq. (|7.6p . 





([ttp (g)]-^ • TTP (g • e"0) = ^ |^ (^^) , « + (^«, - (^^, tPA)^ 



PA, a + (w, A) - [Pw, PA) 

TTpfc + Fp {w. A) . 

□ 
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Notation 7.7. Given P e Proj (M^) and kj = {Aj,Cj) e Qcm, let Kj :== fc^ : 

GcM 9CM and k„ : Gcm ffi"=i0cM defined by 

Kn = (kn + i^n®) (^n-l + K„-l®^ . . . (kl + Ki®^ 1 

(7.10) (fc„ + i^„®) (fc„_i + Xn-l®) . . . (fc2 + if2<») Kl. 

In these expressions, Kj® denotes operation of left tensor multiplication by Kj. 
Example 7.8. The functions k„ are determined recursively by ki = Ki and then 

(7.11) Kn — (^Kn ® +kn^ K„_i — Kn 'S) Kn-1 + ^n^n-l for all 71 ^ 2. 

The first four k„ are easily seen to be given by, ki = Ki, 

K2 = K2(g) Ki + hKi = K2® Ki+Tp (A2, Ai) , 

K3 = (^3 «) +k3) {K2 ®Ki+Tp {A2,Ai)) 

^ K3(g)K2(S)Ki+K3(E)rp iA2,Ai) + Tp {A3, A2) (g) Ki + K2 (EiTp (^3, ^1) , 
and 

KA = K4 (g) K3 (g) K2 (E) Kl 

f Ki®K3®Tp {A2,Ai) + Ki®Tp (^3, ^2) ® Ki + K^® K2®Tp {A^, Ai) 
\ +Tp (^4, .43) ®K2®Ki+ K3 (g) Tp {A4, A2) ®Ki + K3®K2®rp (^4,^1) 

+ Tp {A4, A3) ® Tp {A2,Ai) + Tp {A3, A2) ® Tp {A4, Ai) + Tp {A4, A2) ® Tp (A3, ^1) ■ 

At the end we will only evaluated at e £ Gcm ■ Evaluating the above expres- 

sions at e amounts to replacing Kj by npkj in all of the previous formulas. 

Proposition 7.9. If u E 'H{Gcm), then, with the setup in Notation \ 7. 7[ we have 

(7.12) {uolrp, kn ® ■ ■ ■ ® kij — {iio up, Kn) for any n g N, 

where both sides of this equation are holomorphic functions on Gcm ■ 

Proof. The proof is by induction with the case n — 1 aheady completed via Equa- 
tion (|7.9p . To proceed with the induction argument, suppose that Eq. (I7.12p holds 
for some n e N. Then by induction and the product rule 

(iToTrp, kn+i ®kn®---®ki)^ kn+l (zfoTTp, kn+l ® kn ® ■ ■ ■ ® kl) 

= kn+l {u ° TTp, Kn) 

(7.13) ^ (uo TTp, kn+lKn^ + (kn+l [u O TTp] , K„ ^ . 

To evaluate kn+i [u o irp] let w G T {qcm) and let v denote the corresponding left 
invariant differential operator on Gcm- Then 

kn+l [U O TTp] , v'^ {g) = (kn+l {[u ° TTp] , u)^ (5) 
kn+l [{VU) O TTp] ) {g) 



= {D{iu) (TTP (.g)),Ci(.9)) 
kn+l i9)i'u] (ttp (5)) 
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(7.14) =(u(^p(g)),fc^+i(g)0z;). 
Combining Eqs. (TTTSl) and (fTM]) shows, 
{ifolrp, k„ 



+ 1 IS ft- n 



1 fcl) ^ (^UO TTp, kn+lKnJ + {u O 7Tp,k^^i (g) K„) 

'^U O TTp, fc„+lK„ + = (U O TTp, K„+l) 

wherein we have used Eq. (|7.1ip for the last equahty. □ 

The induction proof of the foUowing lemma will be left to the reader with Ex- 
ample [7jH] as a guide. 



Lemma 7.10. Let kj — {Aj, Cj) e Qcm for 1 ^ j ^ n, [^J = n/2 if n is even and 
{n — 1) /2 if n is odd, and k„ be as in Eq. |y._?Op . Then 

(7.15) K„ (e) = TTpkn ® • • • ® 7rpfc2 (8) Trp/ci + i? (P : /c„, . . . , fci) , 
w/iere 

(7.16) (P : fc„, , . . . , fcl) - ^ P, (P : fc„, , . . . , A:i) 



TOt/i Pj (P : fcl, . . . , fc„) e ''^ ■ Each remainder term, Rj {P : ki, . . . , kn), is a 

linear combination (with coefficients coming from {±1,0}) of homogenous tensors 
which are permutations of the indices and order of the terms in the tensor product 
of the form 

(7.17) Tp (Ai, yla) «) ■ ■ • ® Tp {A2j-i,A2j) ® fc2j+i ® ■ ■ ■ ® k„. 

Proposition 7.11. Let Pjv G Proj (W) and ttn :— np,^ be as in Notation ] Ll\ and 
suppose that u Ti (Gcm) satisfies ||u„ (e)||„ < oo for all n. Then 

(7.18) lim ||u„(e)- [7r^(e)] II = for n = 0,1,2, 



Proof. To simplify notation, let a„ :— Un (e) and a„ [N] := \u0~7rN (e)]^. Let r be 
an orthonormal basis for qcm of the form in Eq. (|5.8p and let k :— (fci, fc2, . . . , fc„) G 
r". Then 



{a -a (N) , fcl 



kn) = (a, fcl 



' fcn - TTArfci 



'7rArfc„) + (a, P(Pjv : k)) 



where P (P/v : k) is as in Lemma 17.101 Therefore, ||a„ — Q!„ {N)\\^ ^ Cn + L)n 
where 



C. 



N 



lY, |(a,P(PAr :k))|' and 

kGF" 



■®kn- TTAffci (g) • • • (g) TTArfcn) |^ 



ker" 



We will complete the proof by showing that, limjv— ►00 Cjv = = limAr^oo . To 
estimate Cat, use Lemma [7. 101 and the triangle inequality for £2 (r") to find. 



Cat — 



ker" 



LtJ 

^(a,P,(PAr:k)) 



LtJ , 

j=i V ker" 
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But X^keT" K*^' i-^N '■ k))|^ is bounded by a sum of terms (the number of these 
terms depends only on j and n and not N) of which a typical term (see Eq. ()7.17|) ) 
is; 

(7.19) |(a„_j, rp„ (Ai, ^2) • • • ® rp„ {A2j^i,A2j) ® k2j+i «) • • • ® fc„)|^ 

ker" 

The sum in Eq. (|7.19p may be estimated by, 



ll,...,l2j — l 



where 



Eat = ^ ^ \\uj{ek,ei) -uj{PNek,PNei)\\l. 
fe,;=i 
^ 00 

= ^ X! (efe, e/) - w (PATCfc, PAre/)||^ 

max(fc,;)>7V 
00 

2 X! ||t^(efc,e/)||c ^ and TV ^ cx) 

max(fc,;)>Af 
V = 

For N eN, let Tn = {(0, U {{ej,0)}f^^. Since fci «>•••«) fc„ = Tr^v/ci «) 

■ ■ ■ IS) TTNkn if k := (fci, k2, ■ ■ ■ , fcn) € r^, it follows that 

Dn = ^ |(a„, fcl (g) • • • (g) fc„ - TTAffcl (g) • • • (g) 7rArfc„)|^ 

ker"\r;^ 

(7.20) <2 ^ |(a„,A:ig)---g)fc„)|^ 

ker"\r^ 

Because 

^ |(a„, fci g) • • • g) fc„)|^ = ||a„||,^j < oo 
ker" 

and t Tat as "f oo, the sum in Eq. (|7.20p tends to zero as ^ oo. Thus 
limjv^oo Dn ~ and the proof is complete. □ 

Proposition 7.12. If u e Ti."^ ^^{Gcm) and un :— uo-kn as in Eq. |7.g| j, then 
um e V and ujv|gcm u in (Gcm)- 

Proof. Suppose m € N is chosen so that m„ (e) = if n > m. According to 
Proposition 17. 9[ 

{iiN (e) , A:„ g) • • • g) ki) = {ii (e) , k„ (e)) 

where k„ (e) G ©j=i flci" From this it follows that (wat (e) , fc„ g) • • • g) fci) = 
if n ^ 2m + 2. Therefore, ujv restricted to ^AriJ x C is a holomorphic polynomial 
and since mat = unIpi^hxc ° ttjv, it follows that ujv G Moreover, 

lirn^ Wii (e) - (e)|| jo(0^,,) = ^lini^ ^ H^" " t"^ («')]"lln ^ 0, 

n=0 
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wherein we have used Proposition !?. 1 ll to conclude UmTv^oo \\un (e) — [un (e)]„|| = 
for all n. It then follows by the Taylor isomorphism Theorem 16.101 that 

\imN^oo\\u~UN\\H2^^acM)=^- ° 

8. The skeleton isomorphism 

This section is devoted to the proof of the skeleton Theorem 11.81 Let us begin 
by gathering together a couple of results that we have already proved. 

Proposition 8.1. If f : G C is a continuous function such that /|gcm ^-^ 
holomorphic, then 

(8-1) WIWlHvt) ^ II/IgcmIIw|(Gcm) = 

\\f\GcM\\\c^(GcM) ^ ^^^''^ ^tI — f o.'^'d f satisfies the Gaussian pointwise 
bounds in Eq. h6.19\) . (See Gorollarv \8.3\ for a more sophisticated version of this 
proposition.) 

froo/. See Theorems [SH and im □ 

Lemma 8.2. Let f : G ^ C be a continuous function such that /|gcm ^■^ holo- 
morphic and let 6 > be as in Theorem \4-.ll\ If there exists an e £ (0,6) such that 
|/(-)| Ce^p'(-)/(2r) o„ then 

(^■2) = WfWn'^iGcM) ^ 

(It will be shown in Corollary \8.4\ that f is actually in Ti.^ (G).) In particular, Eq. 
JO)) holds for all f eV. 

Proof. Let {Pn}^^i C Proj (W) be a sequence such that PnlgcM T ^bcm as n — + cxj. 
Then, by Lemma [6751 and Proposition 14.121 with h ^ 0, 

□ 

We are now ready to complete the proof of the Skeleton isomorphism Theorem 
[LSI 

8.1. Proof of Theorem [mi 

Proof. By Corollary I5.10[ Srf = /Igcm foi' all / e T-" and hence by Lemma [8.2[ 
W'^rfW-H^^GcM) ~ II/IIl2(i't)' therefore follows that St\v extends uniquely to 
an isometry, St, from (G) to Ti.^ (Gcm) such that St (V) = Vcm- Since St 
is isometric and Vcm is dense in 'H\- (Gcm), it follows that St is surjective, i.e. 
St ■ Ti.^ (G) (Gcm) is a unitary map. To finish the proof we only need to 

show StI = STf for all f € (G). Let p„ € V such that p„ ^ / in (j.^,). Then 
Pn — StPu — >■ StJ in Ti.^ (Gcm) and hence by the Gaussian pointwise bounds in 
Eq. (j6.19|) . StJ (g) = linin^oo Pn (g) for all g £ Gcm- Similarly, using the Gaussian 
bounds in Corollary 14.81 it follows that 

\STfig)-Pnig)\ = \ST{f~Pn){g)\ 

(8.3) < ||/_p„||^,^^^^exp(^M^4^^Je,5)) 



/(e) 



/(e) 



< oo. 



/(e) 
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and hence we also have, Srf (g) = lini„^oo Pn (ff) for all g e Gcm- Therefore, 
Srf = Srf as was to be shown. □ 

Corollary 8.3. If f : G ^ C is a continuous function such that flccM ^ 
(Gcm), then f e H'j, (G), Srf = flccM, ^nd \\fh.^,^^ = II/IIh^(Gom)- 

Proof. By Proposition 18.11 we already know that Srf = flccM- By Theorem 11.81 
there exists u £ (G) such that /|gcm — Stu. Let Pn £ V he chosen so that 
Pn ^ w in (vt) and hence Pn\GcM = SrPn Stu = Srf in Ti^ (Gcm) as 
n oo. Hence it follows from Proposition 18. II that 

\\f -Pnh^^^^) ^ Wif ^Pn)\GcM\\HUGcM} = {f - Pn)\\n^GcM} ^ 

and therefore, lim„^oo \\f - Pn\\L2{„^) = 0, i-e. Pn f in L"^ {vt)- Since Pn u 
in [vt) as well, we may conclude that f = u E (G). □ 

Corollary 8.4. Suppose that f : G ^ C is a continuous function such that |/| ^ 
Ce'^P /(^^) and flccM holomorphic, then f G Ti^ (G) and Sxf — f ■ 

Proof. This is a consequence of Lemma 18.21 and Corollary 18.31 □ 

9. The holomorphic chaos expansion 

This section is devoted to the proof of the holomorphic chaos expansion Theorem 
11.91 (or equivalently Theorem I9.10[) . Before going to the proof we will develop the 
machinery necessary in order to properly define the right side of Eq. (|1.8|) . 

9.1. Generalities about multiple Ito integrals. Let (H, W) be a complex ab- 
stract Wiener space. Analogous to the notation used in Subsection 16.11 we will 
denote the norm on H*®" by || • ||„. 

Notation 9.1. For a e H*®" and P e Proj (W), let ap:=ao F®" e H*®". 

Proposition 9.2. Let n e N and a e H*®" and Pk G Proj (W) with Pk\m T /|h. 
Then ap^^a in H*®". 

Proof. Let A :— U^Afc be an orthonormal basis for H where Afc is chosen to be an 
orthonormal basis for Ran(Pfe) such that Afc C Afc+i for all k. Since PkU = u or 
PkU = for all w € A and fc G N, we have 

|(a, Ul (g) • • • (g) M„ - PfcMi (g • • • (g PkUn)f < |(a,Ui g) • • • g) Un)f 

where 

^ (g • • • (g u„)|^ ||a||^ < oo. 

ui ,. . . ,u„ A 

An application of the dominated convergence theorem then implies, 

g) W„ - PkUi g) • • • g) PkUn)f 
g) M„ - PkUi (g • • • (g PkUn)f = 0. 

□ 



lim ||a-apj|^ = lim V \{a,ui 



a, wi 
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Lemma 9.3. Suppose that {h{t)}f 
by 



>o 



-valued Brownian motion normalized 



(9.1) 



1 



; [ii {b it)) h [b is))] = -sAt i£i,£2)M' for all 4, ^2 e W*^,. 



If P G Proj (W), T > 0, and {fs}s>o (i^H) -valued continuous adapted process, 
such that E |/s|(ph)- ds < oo, then 

m 2 „ 



(9.2) 



E 



{fs,diPb) (S)) 



(PH) 



. ds. 



Proof. Let {ej}^^^ be an orthonormal basis for PH and write 

d 

P6(s) = ^[X,(s)e,+y,(s)ze,] 
i=i 

where Xj (s) = Re {Pb (s) , ej) and Yj (s) = Im {Pb (s) ,ej). From the normahzation 
in Eq. (|9.ip it follows that {\/2^j, V21j}^._j^ is a sequence of independent standard 
Brownian motions, and therefore the quadratic covariations of these processes are 
given by: 

1 

2' 

Using Eq. (|9.3|) along with the identity, 

d 

(9.4) {fs,d{Pb) is)) = ^ [(/„e,) dX, (s) + (/„ze,) dY, {s)] , 

it follows by the basic isometry property of the stochastic integral that 

2 



(9.3) dXjdYk = and dX^dXu = dY^dY^ ^ -Sjkdt for all j, /c = 1, . . . , d. 



E 



(/.,rf(P&) (s)) 



= JEiE / \{.fs,e,)\^ds+ [ \{fs,^e,)\' ds 

= E rY.\^f,,e,)\^ds= r ^\f,\\p^yds. 
Jo Jo 



□ 



Definition 9.4. For P e Proj (W), n e N, and T > 0, let 



dPb {si)®dPb {s2)< 



0<Si<S2<-<s„<T 

P (^\ = ^ n.fP f+\ r- I DT[Jr^®" 



•dPb (s„) 



Alternatively put, (P) = 1 and (t) e (PH)'^" is defined inductively by 



(9.5) 



M^_i (s) ® dPfe (s) for all t > 0. 



Corollary 9.5. Suppose that T > 0, a e H*®", and P e Proj(W), then 
(^a,M^ {T)^ is a square integrable random variable and 

E|(a,Af„^(T))| = \\ap\\l. 
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Proof. The proof is easily carried out by induction with the case n = I foUowing 
directly from Lemma 19.31 Similarly from Lemma 19.31 Eq. ()9.5|) . and induction we 
have 

2 



E\ap\ =E 



(a, (s) (g) dPb (s)) 



r^E|(a,ilCi(s)®e,)|'ds 

^0 _i 



E 



(n- 1)! 



{a,{-) ® ej)\\l_^ds ^ — \\a\\l 



□ 



Notation 9.6. We now fix T > and for P e Proj 
i.e. 



ap 



a, 



dPb{si)(g>dPb (sa) 



let ap = (a,Af^ (T)), 
■■®dPh (s„) 



/0<Si<S2<--<S„<T 

Lemma 9.7. IfP,Qe Proj (W), </ien 

|2 



ll"p - o:q\\^2 ■.= E\ap - (5q| = ^ ll"P - aglln ■ 

Proof. Let i? G Proj (W) be the orthogonal projection onto Ran (P) + Ran (Q). We 
then have {ap)j^ = ap and (ag)^ = ag and therefore, by Corollarv l9.51 



{ap - ap)^ 



E\ap-aQ\ = E (ap)^ - (ag)^ =E 

- -T \\{ap - ap)p\\l = "IT 11"^ " "^11" 



□ 



Proposition 9.8. Let a G H*®" and Pk G Proj (W) wit/i Pfcle T /|h, then 
{ap^}^-^ is an -convergent series. We denote the limit by a. This limit is 
independent of the choice of orthogonal projections used in constructing a. 

Proof. For A;, / e N, by Lemma l9Jl 

-"pJIl^ = - "pJI„ as /, fc -> oo, 
because, as we have already seen, ap a in H*®". Therefore a :— Lp'- 
limfc^oo apfc exists. 

Now suppose that Qi E Proj (W) also increases to /|h. By Lemma [9.71 and the 
fact that both ap, and ag, converge to a in H*®", we have 

II "Pi - "qJ|^2 = ||ap - agjjjj.«„ ^ as ? -> oo. 

□ 

By polarization of the identity, ||a||^2 = P" 11*^11^1 /'^■i it follows that 



[a, Pj j^.2 = ~^ /5)h*®" foi' all a, ^ e 



Moreover, if a G 



L2 n! 

*®" and 13 E H*®™ with m 7^ n, by the orthogonahty of the 



finite dimensional approximations, ap, and /3p, , we have that ^a,f3j 



L2 



= 0. 
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Corollary 9.9 (Ito's isometry). Suppose that a = {a„}^^o € ^H*®", i.e. 
a„ G ]g[*®" Jor all n such that 



— 71! 

ji=0 



T/ien a := X^riLo (P) -convergent and the map, 

n! 

n=0 

is an isometry, where P is the probability measure used in describing the law of 

{Ht)}t>o- 

9.2. The stochastic Taylor map. Let b (t) = {B [t] , Bq [t]) e g and g [t] e G be 
the Brownian motions introduced at the start of Section [H We are going to use the 
results of the previous subsection with H = QcM^ W = g, and b (t) = {B (t) , Bq {t)). 
Let / e (G) and «/ := TtStI G (qcm)- The following theorem is a (precise) 
restatement of Theorem 11.91 

Theorem 9.10. For any f £ H'^ (G) 

(9.6) f{g{T))=af, 

where af was introduced in Corollaru \9.9[ (The right hand side of Eq. il.8\} is to 
be interpreted as af.) 

Proof. First suppose that / is a holomorphic polynomial and P G Proj {W) so that 
TTp £ Proj (g). Then by Ito's formula, 

/ (gp (T)) - / (e) + r {Df (gp (t)) , dnpb (t)) . 



Iterating this equation as in the proof of [31 Proposition 5.2], if e N is sufficiently 
large, then 

N 

f (gp (T)) = / (e) + ^ / (i?"/ (e) , dnpb (si) ® • • • ® dirpb (s„)) 

n=l "'0<si<S2< - <s„<T 
N 

= /(e) + ^[I?"/(e)U. 

n=l 

We now replace P by Pfc e Proj (W) with Pk t in this identity. Using Propositions 
14. 121 and 19.81 we may now pass to the limit as fc — > oo in order to conclude, 

N 

(9.7) / (ff (T)) = / (e) + ^ [D-f (e)]~ = 5/. 

n=l 

Now suppose that / S (G) . By Theorem 17.11 we can find a sequence of 
holomorphic polynomials {/ri},J^i C V such that 



E 1/ (5 (T)) - /„ (g iT) f = 11/ - ^ 



as 71 — + CXI. 



The isometry property of the Taylor and skeleton maps (Theorem 16.101 and Corol- 
lary shows that a/„ af in Jj, and therefore by Corollary 19.91 a/„ cxf 
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as n —> cxD. Hence we may pass to the limit in Eq. (19. 7p applied to the sequence 
/„ {g (T)) = a/„, to complete the proof of Eq. (19. 6p . □ 

10. Future directions and questions 

In this last section we wish to speculate on a number of ways that the results in 
this paper might be generalized. 

(1) It should be possible to remove the restriction on C being finite dimensional, 
i.e. we expect much of what have done in this paper to go through when 
C is replaced by a separable Hilbert space. In doing so one would have to 
modify the finite dimensional approximations used in our construction to 
truncate C as well. 

(2) We also expect that the level of non-commutativity of G may be increased. 
To be more precise, under suitable hypothesis it should be possible to handle 
more general graded nilpotcnt Lie groups. 

(3) Open questions: 

(a) as we noted in Remark 1 5. 131 we do not know if — (G). It might 
be easier to try to answer this question for p — 2. 

(b) give an intrinsic characterization of (G) as in Shigekawa [23 in 
terms of functions in {vt) solving a weak form of the Cauchy- 
Riemann equations. 

Acknowledgement. We are grateful to Professor Malliavin whose question during 
a workshop at the Hausdorff Institute (Bonn, Germany) led us to include a section 
on a holomorphic chaos expansion. 
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